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Abstract

Effect of copper–water nanofluid as a cooling medium has been studied to simulate the behavior of heat transfer due to laminar natural con-
vection in a differentially heated square cavity. The transport equations for a non-Newtonian fluid have been solved numerically following finite
volume approach using SIMPLER algorithm. The shear stresses have calculated using Ostwald–de Waele model for an incompressible non-
Newtonian fluid. The thermal conductivity of the nanofluid has been calculated from the proposed model by Patel et al. Study has been conducted
for Rayleigh number (Ra) 104 to 107 while solid volume fraction (φ) of copper particles in water varied from 0.05% to 5%. It has been observed
that the heat transfer decreases with increase in φ for a particular Ra, while it increases with Ra for a particular φ. The copper nanoparticle
diameter has been taken as 100 nm for all of the studies.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

A suspension of solid nanoparticles (1–100 nm diameter) in
conventional liquids like water, oil or ethylene glycol (EG) is
called nanofluid. Since thermal conductivity of these base liq-
uids are low, enhancing performance (reliability and life) of
many engineering devices are becoming a problem. Several re-
searches [1–3] have indicated that with low (1–5% by volume)
nanoparticle concentration, the thermal conductivity can be in-
creased by about 20%. Such enhancement depends on shape,
size, concentration and thermal properties of the solid nanopar-
ticles. Sometimes stabilizer is added with the nanofluid to sta-
bilize the solid particles in the mixture [4]. The nanofluid is
stable [5], introduce very little pressure drop and it can pass
through nano-channels. Xuan et al. [3] experimentally obtained
thermal conductivity of copper–water nanofluid up to 7.5% of
solid volume fraction of 100 nm diameter copper particles.
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They have also observed that this nanofluid with 5% solid vol-
ume fraction remains stable for more than 30 hours without
disturbance.

Since nanofluid behaves like a fluid than a mixture, sev-
eral researchers have tried to explain the physics behind the
increase in thermal conductivity. Xuan et al. [6] have exam-
ined the transport properties of nanofluid and the thermal dis-
persion effect with two different approaches, the conventional
approach and the modified approach. In the conventional ap-
proach the existing heat transfer coefficient correlations for the
pure fluid are directly extended to the nanofluid, substituting the
thermal properties of nanofluid for those of pure fluid. In the
modified approach the thermal dispersion, which takes place
due to the random movement of particles, has been considered.
This thermal dispersion will flatten the temperature distribution
and make the temperature gradient between the fluid and wall
steeper, increasing the heat transfer rate between the fluid and
the wall [6]. So far as no theoretical or experimental study has
been published on the constants that will correlate the thermal
diffusivity and thermal dispersion. Keblinski et al. [7] has ex-
pressed that heat transfer enhancement in nanofluid can also
be affected by the Brownian motion of the particles, molecular
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Nomenclature

c specific heat . . . . . . . . . . . . . . . . . . . . . . . . . . . . J/kg K
Grf Grashof number of fluid, ρ2gβ�T H 3/μ2

g acceleration due to gravity . . . . . . . . . . . . . . . . m/s2

h, l dimensional height and width of cavity . . . . . . . . m
k thermal conductivity . . . . . . . . . . . . . . . . . . . W/mK
m,n the respective consistency and fluid behaviour index

parameters
Nuy local Nusselt number of the heater
Nu average Nusselt number of the heater
p pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/m2

P dimensionless pressure, (p − p0)h
2/ρ0α

2

Pr Prandtl number of fluid, νf /αf

Ra Raleygh number, Gr Pr
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
TH ,TC temperature of the heat source and sink

respectively . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
u,v velocity components in the x and y directions

respectively . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m/s
U,V dimensionless velocities (U = uh/α, V = vh/α)

x, y horizontal and vertical coordinates respectively m

X,Y dimensionless horizontal and vertical coordinates
respectively (X = x/h, Y = y/h)

Greek symbols

α thermal diffusivity of the fluid . . . . . . . . . . . . . m2/s
β isobaric expansion coefficient . . . . . . . . . . . . . . K−1

φ solid volume fraction
μ dynamic viscosity . . . . . . . . . . . . . . . . . . . . . . N s/m2

ν kinematic viscosity . . . . . . . . . . . . . . . . . . . . . . . m2/s
ρ density of the fluid . . . . . . . . . . . . . . . . . . . . . . kg/m3

θ dimensionless temperature, (T − T0)/(TH − TC)

ψ dimensionless stream function
τ the stress tensor
γ̇ the symmetric rate of deformation tensor

Subscripts

eff effective
f fluid
nf nanofluid
0 at reference state
s solid
level layering of liquid at the liquid/particle interface, ballistic
phonon transport through the particles and nanoparticle clus-
tering. It has been shown that the heat transport in nanofluid is
ballistic rather than diffusive and particle-clustering effect takes
a major role for rapid heat transport through nanofluids. Later
the same group has shown by molecular dynamic simulation
that large enhancement in thermal conductivity of nanofluid
cannot be explained by altered thermal transport properties of
the nanofluid [8]. Das et al. [9] has observed that the thermal
conductivity for nanofluid increases with increasing tempera-
ture. They have also observed the stability of Al2O3–water and
CuO–water nanofluid. Even up to 12 hours no sedimentation
was observed keeping those undisturbed [9]. The stability can
be increased by adding suitable third agent like oleic acid or
laurate salt [3,9].

Due to lack of sophisticated theory to predict the effec-
tive thermal conductivity of nanofluid several researchers have
proposed different correlations to predict the apparent thermal
conductivity of two-phase mixture. The models proposed by
Hamilton and Crosser (HC) [10], Wasp [11], Maxwell-Garnett
[12], Bruggeman [13] and Wang et al. [14] to determine the ef-
fective thermal conductivity of nanofluid failed to predict it ac-
curately. The experimental results show a much higher thermal
conductivity of nanofluid than those predicted by these mod-
els. Yu and Choi [15] has proposed a renovated Maxwell model
considering the liquid layer thickness which is proved to be not
realistic [8] and it fails to throw light on the temperature depen-
dence of thermal conductivity. Kumar et al. [16] has proposed a
model that has two aspects. A stationary particle model, where
it is assumed that heat flows through two paths, one through
liquid particles and other through nanoparticles. In the moving
particle model, along with the above, the increase in effective
thermal conductivity of nanofluid due to increase in velocities
of the nanoparticles with temperature has been taken into ac-
count. In both cases the thermal conductivity decreases with
the increase in particle diameter. Recently Prasher et al. [17]
have showed that the enhancement of keff of nanofluid is mainly
due to the localized Brownian movement of nanoparticles. They
have also proposed a conduction–convection based model to
find the keff of nanofluid. They have contradicted model of
Ref. [16] because their model does not remain valid when par-
ticle radius is very large and they have assumed mean free path
as 1 cm. But the model of Ref. [16] is valid for nanofluid (par-
ticle diameter in the order of nm) and the empirical correlation
has a constant, which is adjustable [18,19]. Patel et al. [20] has
improved the model given in [16] by incorporating the effect
of micro-convection due to particle movement. The effect of
temperature is justified as Brownian motion increases with tem-
perature, which causes additional convective effect. The above
model is applicable for low concentration of solid volume frac-
tion. Also the model takes into account the effect of particle
size through an increase in specific surface are of nanoparti-
cles [18]. There involves an empirical constant ‘c’, to link the
temperature dependence of effective thermal conductivity to the
Brownian motion of the particles. This can be found by compar-
ing the calculated value with experimental data, which comes in
the order of 104. This empirical constant ‘c’ is adjustable and
can be thought as a function of particle properties as well as
size [20].

Xuan and Li [21] have investigated the convective heat trans-
fer and flow features of nanofluid in a tube. For turbulent flow
they have correlated the Nusselt number as a function of φ,
Peclet number (Pe), Reynolds number (Re) and Prandtl number
(Pr). They presumed that the Pe describes the effect of thermal
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dispersion. Later Yang et al. [22] have studied experimentally
the convective heat transfer of nanofluid for laminar flow in
a horizontal tube heat exchanger. Recently Boungiorno [23]
has shown analytically that thermal dispersion has a negligible
effect on such increase in convective heat transfer rather Brown-
ian diffusion and thermo-phoresis are the main mechanism that
contributes to the heat transfer enhancement. However Koo et
al. [24] have shown that the Brownian motion has more impact
on the thermal properties of nanofluid than thermo-phoresis.
Heris et al. [25] has experimentally investigated laminar flow
forced convection heat transfer of Al2O3–water nanofluid in a
circular tube with constant wall temperature. They have used
the renovated Maxwell model [15] to determine the thermal
conductivity of the nanofluid with a liquid layer thickness of
10% of the nanoparticle radius. They have reported that the heat
transfer co-efficient increases due to presence of nanoparticles.
Heris et al. [26] have carried experiment with Al2O3–water and
CuO–water nanofluid up to φ = 3% and have shown that up to
this limit the nanofluid behaves like Newtonian fluid.

Several researchers have tried to reveal the rheology of
nanofluid. They have shown that the well-known viscosity
model given by Brinkman [27] is not applicable for nanofluid.
Kwak and Kim [28] have experimentally observed the viscosity
of CuO–EG nanofluid. They have found that the viscosities of
nanofluid depend on shear thinning and zero shear viscosity in-
creases rapidly when φ exceeds 0.2%. Chang et al. [29] also
found experimentally that CuO–water nanofluid shows shear
thinning behaviour and shear stress increases with particle size
for a particular shear rate. Also they have shown that viscos-
ity of nanofluid increases with decrease in mean particle size.
Ding et al. [30] experimentally measured the viscosity of CNT–
water nanofluid under various conditions and observed a clear
shear thinning behaviour at all conditions. They have also ob-
served that for a given shear rate, the viscosity of nanofluid
increases with increasing concentration and decreasing temper-
ature. Maiga et al. [31] have given a correlation of viscosity of
γ Al2O3–water nanofluid with φ which shows that the effective
viscosity is much more than predicted by Brinkman model [27].

Though an extensive research work has been carried out
on natural convection, very few literatures are found regard-
ing natural convection heat transfer using nanofluid. Natural
convection in suspensions with micrometer-sized particles has
been studied by Okada and Suzuki [32] with microbeads of
soda glass in water and Kang et al. [33] with SiO2 particles in
water. Putra et al. [34] has experimentally observed the effect
of Al2O3–water and CuO–water nanofluid on Nusselt number
(Nu) for different Rayleigh number (Ra) due to natural convec-
tion in a differentially heated horizontal cylinder. Their obser-
vation was contrary to their expectations, as with the increase
in particle concentration the Nu decreases which could not be
explained. They have also shown that viscosity of nanofluid in-
creases with φ and also measured the shear stress for different
shear rate of Al2O3–water nanofluid for different φ. Recently
Wen and Ding [35] have experimentally observed the natural
convective heat transfer in a differentially heated vertical cylin-
der heated from the bottom with TiO2–water nanofluid. Their
observation is almost similar to that of [34], where the con-
vective heat transfer co-efficient decreases with that of increase
of nanoparticles. They have also shown that viscosity of this
nanofluid increases rapidly with inclusion of nanoparticles as
shear rate decreases.

Khanafer et al. [36] have performed a numerical study of
heat transfer enhancement following Wasp model [11] using
copper nanofluid in a square cavity. They have considered
the thermal dispersion but that involves an empirical constant,
which is still unknown. Jou et al. [37] have performed same
study as of [36] to observe the effect of aspect ratio of the en-
closure on heat transfer for Cu–water nanofluid considering φ

up to 20%. Santra et al. [38] have conducted the similar kind
of study, up to φ = 10%, with models given in [12] and [13].
This shows that the Brugemann model [13] predicts higher heat
transfer than Maxwell-Garnett model [12]. They have not con-
sidered the thermal dispersion. In all of the above studies the
nanofluid has been considered as Newtonian.

The study on nanofluid is promising for nanotechnology
based cooling applications such as MEMS, including ultrahigh
thermal conductivity coolants, lubricants, hydraulic fluids and
metal cutting fluids. Since, under off normal condition the nat-
ural convection is the only mode of heat transfer, the compo-
nents may be more prone to damage.

The present paper shows the effect copper–water nanofluid
on the heat transfer due to natural convection in a differentially
heated square cavity treating the nanofluid as non-Newtonian in
nature. To determine the effective thermal conductivity (keff) of
the nanofluid, model given by Patel et al. [20] has been used
with appropriate value of ‘c’, which has been calculated by
matching the experimental result. Since no other model takes
care of the temperature dependence of keff, this model has
been considered as best option. The viscosity of nanofluid has
been calculated using Ostwald–de Waele model (two parame-
ter power law model) for a non-Newtonian shear thinning fluid
[39]. To the best of the knowledge of the authors, no other nu-
merical study on buoyancy driven heat transfer analysis using
nanofluid particularly considering the fluid as non-Newtonian
and the aforesaid thermal conductivity model has been reported
so far. Here the authors have used the primitive variables, in-
stead of stream function and vorticity method [36,37].

2. Mathematical formulation

2.1. Problem statement

The geometry of the present problem is shown in Fig. 1.
It consists of a two-dimensional square enclosure of height h

and width l. For the present case, we consider h = l. The tem-
peratures of the two sidewalls of the cavity are maintained at
TH and TC , where TC has been considered as the reference
condition. The top and the bottom horizontal walls have been
considered to be insulated i.e., non-conducting and imperme-
able to mass transfer. The enclosure is filled with a mixture of
water and solid spherical copper particles of 100 nm diameter.
The nanoparticles are of uniform shape and size. The nanofluid
is assumed to be non-Newtonian, incompressible and the flow
is laminar. Also it is assumed that the liquid and solid are in
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Fig. 1. Geometry of the problem.

thermal equilibrium and they flow at same velocity. The den-
sity varies only in buoyant force, which has been incorporated
only in the body force term by employing the Boussinesq ap-
proximation. For all the studies h = l has been considered.

2.2. Governing equations and boundary conditions

The continuity, momentum and energy equations for a
steady, two-dimensional flow of a Fourier constant property
fluid have been considered. The governing equations for a
steady, two-dimensional flow are as follows

∂u

∂x
+ ∂v

∂y
= 0 (1)

ρnf,0

(
u

∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
−

[
∂τxx

∂x
+ ∂τyx

∂y

]
(2)

ρnf,0

(
u

∂v

∂x
+ v

∂v

∂y

)

= −∂p

∂y
+ [

φρs,0βs + (1 − φ)ρf,0βf

]
g(T − TC)

−
[
∂τxy

∂x
+ ∂τyy

∂y

]
(3)

u
∂T

∂x
+ v

∂T

∂y
= αnf

[
∂2T

∂x2
+ ∂2T

∂y2

]
(4)

where

αnf = knf

(ρCp)nf,0
(5)

where the relationships between the shear stress and shear rate
in case of two-dimensional motion in rectangular co-ordinate
according to the Ostwald–de Waele model are as follows: [40]

τ = −m

[∣∣∣∣
√

1

2
(γ̇ · γ̇ )

∣∣∣∣
(n−1)]

γ̇ (6)

where

1

2
(γ̇ · γ̇ ) = 2

{(
∂u

∂x

)2

+
(

∂v

∂y

)2}
+

(
∂v

∂x
+ ∂u

∂y

)2

(7)

Thus the stress tensors of Eqs. (2) and (3) take the following
forms
Table 1
Values of fluid behaviour index parameters (m,n)

Solid volume fraction (φ) (%) m (N secn m−2) n

0.5 0.00187 0.880
1.0 0.00230 0.830
1.5 0.00283 0.780
2.0 0.00347 0.730
2.5 0.00426 0.680
3.0 0.00535 0.625
3.5 0.00641 0.580
4.0 0.00750 0.540
4.5 0.00876 0.500
5.0 0.01020 0.460

τxx = −2

{
m

∣∣∣∣
[

2

{(
∂u

∂x

)2

+
(

∂v

∂y

)2}

+
(

∂v

∂x
+ ∂u

∂y

)2] 1
2
∣∣∣∣
(n−1)}(

∂u

∂x

)
(8)

τyx = τxy = −
{
m

∣∣∣∣
[

2

{(
∂u

∂x

)2

+
(

∂v

∂y

)2}

+
(

∂v

∂x
+ ∂u

∂y

)2] 1
2
∣∣∣∣
(n−1)}(

∂u

∂y
+ ∂v

∂x

)
(9)

τyy = −2

{
m

∣∣∣∣
[

2

{(
∂u

∂x

)2

+
(

∂v

∂y

)2}

+
(

∂v

∂x
+ ∂u

∂y

)2] 1
2
∣∣∣∣
(n−1)}(

∂v

∂y

)
(10)

Here m and n are two empirical constants, which depends on
the type of nanofluid used. Putra et al. [34] have shown exper-
imentally the relation between the shear stress and shear strain
for Al2O3–water nanofluid. Using this data, the values of m and
n has been calculated for 1% and 4% solid volume fraction.
These values are suitably interpolated and extrapolated keeping
in mind that the shear stress decreases with increase in φ for a
particular shear rate in the mixture. The values of m and n for
different φ has been given in Table 1. It is to be noted that for
a shear thinning fluid the value of n is less than 1 [40]. Since
the rate of change of shear stress with shear rate for Cu–water
nanofluid is not available, these data of Al2O3–water nanofluid
has been adopted for Cu–water nanofluid to observe the nature
of the heat transfer.

The effective density of the nanofluid at reference tempera-
ture is

ρnf,0 = (1 − φ)ρf,0 + φρs,0 (11)

and the heat capacitance of nanofluid is

(ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)s (12)

as given by Xuan et al. [6].
The effective thermal conductivity of fluid has been deter-

mined by the model proposed by Patel et al. [20]. For the two-
component entity of spherical-particle suspension the model
gives

keff = 1 + kpAp + ckpPe
Ap

(13)

kf kf Af kf Af
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where
Ap

Af

= df

dp

φ

(1 − φ)
(14)

and Pe = updp

αf
, where up is the Brownian motion velocity of

the particles which is given by up = 2kbT

πμf d2
p

.

The calculation of effective thermal conductivity can be ob-
tained from Eq. (13).

The above equations can be converted to non-dimensional
form, using the following dimensionless parameters

X = x/h, Y = y/h, U = uh/α, V = vh/α

P = (p − p0) · h2/(ρnf,0 · α2) and

θ = (T − TC)/(TH − TC)

Then the non-dimensional equations will be as follows

∂U

∂X
+ ∂V

∂Y
= 0 (15)

U
∂U

∂X
+ V

∂U

∂Y
= −∂P

∂X
+ μapp

ρnf,0 αf,0

[
∂2U

∂X2
+ ∂2U

∂Y 2

]
(16)

U
∂V

∂X
+ V

∂V

∂Y
= −∂P

∂Y
+ Gr Pr Pr

ρf,0

ρnf,0

(
1 − φ + φ

ρsβs

ρf βf

)
θ

+ μapp

ρnf,0 αf,0

[
∂2V

∂X2
+ ∂2V

∂Y 2

]
(17)

U
∂θ

∂X
+ V

∂θ

∂Y
= knf

kf

(ρCp)f,0

(ρCp)nf,0

[
∂2θ

∂X2
+ ∂2θ

∂Y 2

]
(18)

Here the apparent viscosity of the nanofluid is

μapp = m

(
αf,0

h2

)(n−1)∣∣∣∣
[

2

{(
∂U

∂X

)2

+
(

∂V

∂Y

)2}

+
(

∂V

∂X
+ ∂U

∂Y

)2] 1
2
∣∣∣∣
(n−1)

(19)

The boundary conditions, used to solve Eqs. (15) to (18) are as
follows.

u = v = ∂T

∂y
= 0 at y = 0, h and 0 � x � l

i.e.,

U = V = ∂θ

∂Y
= 0 at Y = 0,1.0 and 0 � X � 1.0

T = TH , u = v = 0 at x = 0 and 0 � y � h

i.e.,

θ = 1.0 and U = V = 0 at X = 0 and 0 � Y � 1.0

T = TC, u = v = 0 at x = l and 0 � y � h

i.e.,

θ = 0 and U = V = 0 at X = 1.0 and 0 � Y � 1.0

Eqs. (15) to (18), along with the boundary conditions are solved
numerically. From the converged solutions, we have calculated
Nuy (local Nusselt number) and Nu (average Nusselt number)
for the hot wall as follows
Table 2
Comparison of results for validation

Rayleigh number (Ra) Nu of de Vahl Davis [42] Nu of present code

104 2.243 2.245
105 4.519 4.521
106 8.799 8.813

Nuy = −keff

kf

∂θ

∂X

∣∣∣∣
X=0,Y

(20)

Nu = 1

H

H∫
0

Nuy · dY |X=0 (21)

where, H is dimensionless cavity height.
The dimensionless stream function ψ has been defined as

U = ∂ψ/∂Y and V = −∂ψ/∂X. The stream function at any
grid location (X,Y ) is calculated as

ψ(X,Y ) =
Y∫

Y0

U · ∂Yψ(X,Y0) (22)

Along the solid boundary the stream function is taken as zero.
ψ(X,Y0) is known either from the previous calculation, or,
from the boundary condition.

2.3. Numerical approach and validation

The governing mass, momentum and energy equations has
been discretized by a control volume approach using a power
law profile approximation. The computational domain has been
divided into 81 × 81 non-uniform grids. Finer grids have been
taken at the boundaries. The set of discretized equations have
been solved iteratively, through alternate direction implicit
ADI, using the SIMPLER algorithm [41]. For convergence,
under-relaxation technique has been employed. To check the
convergence, the mass residue of each control volume has been
calculated and the maximum value has been used to check the
convergence. The convergence criterion has been set to 10−7.

The results are validated with the results of de Vahl Davis
[42] for different Ra, which has been summarized in Table 2.
The difference between the average Nusselt number of de Vahl
Davis and that obtained by the present code is well within ac-
ceptable limit.

3. Results and discussion

The flow and heat transfer for a range of Ra and φ have
been studied. Water has been considered as the base fluid with
Pr = 7.02 (considering base temperature as 20 ◦C) [43], for our
present study. Solid spherical copper nanoparticles of 100 nm
diameter mixed with water, has been considered as nanofluid.
The effective thermal conductivity of nanofluid has been cal-
culated using the correlation given in [20] for each control
volume as the keff is temperature dependent. The constant ‘c’
which appears in the correlation has been calculated from the
experimental data available for copper water nanofluid [3]. The
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Table 3
Thermophysical properties of different phase at 20 ◦C

Property Fluid (water) Solid (copper)

Cp (J/kg K) 4181.80 383.1
ρ (kg/m3) 1000.52 8954.0
k (W/m K) 0.597 386.0

β (k
−1

) 210.0 × 10−6 51.0 × 10−6

average value of constant has been considered for our simula-
tion, which came out as 3.60 × 104 that is in line with result
given in Ref. [20]. The physical and thermal properties of both
the solid and the fluid at the base temperature i.e. at 20 ◦C have
been summarized in Table 3 [43,44]. The constants m and n

for calculating shear stresses have been taken from the experi-
mental observation [34]. Results are presented for Ra = 104 to
107, while φ has been varied from 0.0% to 5.0% with the incre-
ment of 0.5%. The hot wall temperature has been considered as
303 K (30 ◦C) while the cold wall temperature is 293 K (20 ◦C).

Since, the heat transfer is strongly affected by the nature of
flow, the flow structure has been considered before discussing
the variation of Nusselt number with different parameters.

3.1. Effect of solid volume fraction on vertical velocity and
temperature

The vertical velocities (V ) at Y = 0.5 for 1.0 � X � 0.0, for
Ra = 106 has been presented in Fig. 2, which shows that with
the increase in φ, the value of maximum velocity decreases. It
seems that, as φ increases, the density and the viscosity of the
nanofluid increases. Though keff increases with φ, the rate of
increase of viscosity with φ is much higher than that of keff. As
a result the effect of buoyancy decreases, and hence the vertical
velocity decreases with increase in φ. The velocity boundary
layer also getting thicker and the size of the stagnant zone at
the core of cavity decreases. This zone is larger for φ = 0.0%
and smaller for φ = 5.0%.

Fig. 3 shows the variation of temperature along the mid-
plane of the cavity for Ra = 106. This shows that at φ = 0.0%
a uniform temperature prevails at the core of cavity because
there is no flow. With the increase in φ, this zone decreases con-
siderably. As viscosity and keff both increases with φ, the heat
penetrates much deeper into the nanofluid, before being carried
away by the convection. And hence the thermal boundary layer
increases with φ.

3.2. Effect of solid volume fraction on streamlines and
isotherms

The streamlines and isotherms for Ra = 106 for φ = 0%,
2.5%, and 5.0% has been presented in Fig. 4. The figures show
that for a particular Ra, the strength of circulation decreases
with increase in φ. This is due to the decrease in vertical veloc-
ity with increase in φ. The figures show that the thickness of the
velocity boundary layer increases with φ as was revealed from
Fig. 2. The same pattern can be observed for other Rayleigh
numbers. From the isotherms it has been observed that the ther-
mal boundary layer gets thicker due two increase of diffusive
heat transfer with increase in φ. It is also revealed from Fig. 3.
This increment is much more as viscosity increases rapidly with
φ resulting decrease in buoyancy. For other Rayleigh numbers
also the same patterns are observed.

Streamlines and isotherms for φ = 2.5% for Ra = 104, 105,
and 107 has been presented in Fig. 5. Comparing the Figs. 5
and 4(b), it is observed that the strength of circulation increases
rapidly with increase in Ra. This is obviously due to increase
in buoyancy, as viscosity and density remains same for a par-
ticular φ. Also the thickness of velocity boundary layer near
Fig. 2. Vertical velocity profile at mid plane for different φ values for Ra = 106.
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Fig. 3. Temperature profile at mid plane for different φ values for Ra = 106.

Fig. 4. Streamlines and isotherms for Ra = 106 and for (a) φ = 0.0%, (b) φ = 2.5%, and (c) φ = 5.0%.
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Fig. 5. Streamlines and isotherms for φ = 2.5% and for (a) Ra = 104, (b) Ra = 105 and (c) Ra = 107.
the walls decreases and hence the stagnant core zone increases
with increase in Ra. The thickness of thermal boundary layer
near the wall also decreases with increase in Ra. The same pat-
tern is observed for other φ values also.

3.3. Effect of solid volume fraction on average Nusselt number

The average Nusselt number (Nu) along the hot wall has
been presented for different Ra and φ (Fig. 6). It shows a steady
decrease in Nu for increase in φ for same Ra. Also Nu in-
creases with Ra for a particular φ. The trend is similar to that
observed from the experiments of Putra et al. [34] and Wen and
Ding [35], where they have found that heat transfer decrease
with increase in φ. Putra et al. [34] found it with Al2O3–water
nanofluid as well as CuO–water nanofluid while Wen and Ding
[35] found it for TiO2–water nanofluid. This kind of result may
be due to the combined effect of viscosity and thermal conduc-
tivity of the nanofluid. As viscosity increases rapidly with in-
crease in φ, particularly at low shear rate the effect of buoyancy
decreases, which decrease the convective heat transfer rapidly
and the increase in thermal conductivity is insufficient to re-
cover the loss. Wen and Ding [35] has also expressed similar
kind of view. It has also been observed that at low Ra i.e. at
104 and 5 × 104, heat transfer becomes stagnant at higher φ

(above 3%). Most probably in this case the decrease in convec-
tive heat transfer is compensated by increase in conductive heat
transfer.

4. Conclusion

Heat transfer enhancement using copper–water nanofluid in
a two dimensional enclosure has been studied numerically for a
range of Rayleigh number 104 to 107, with a wide range of solid
volume fraction (5.0% � φ � 0.0). The diameter of copper par-
ticle is 100 nm and Prandtl number of clear fluid is 7.02. The
numerical analysis has been performed using primitive vari-
ables. The fluid has been considered as non-Newtonian in na-
ture. The Ostwald–de Waele model for a non-Newtonian shear
thinning fluid has been considered to calculate shear stresses.
The constants for model have been taken from the experiment
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Fig. 6. Variation of average Nusselt number with solid volume fraction for different Ra.
of Putra et al. [34]. The effective thermal conductivity of the
nanofluids has been predicted using the model proposed by Pa-
tel et al. [20]. The results show a considerable decrease in heat
transfer for increase in solid volume fraction for any Rayleigh
number. However at low Ra, the heat transfer remains almost
constant when φ exceeds 3%. For φ = 5.0% the decrease in av-
erage Nusselt number is about 32.8% compared to clear fluid
when Ra = 104 and about 38.3% when Ra = 107. Heat transfer
increases with increase in Rayleigh number for a particular φ.
Experiments needs to be carried out to find the actual values of
m and n for this kind of nanofluid and actual heat transfer in
this kind of geometrical configuration.
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